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Testing problem

Input
- SpeciÞcation: mathematical description of a circuit

 Circuit on n-qubit: sequence of t 2-local gates 

- Physical devices acting on an unknown Hilbert space    :

 Gates assembled into a circuit C: 

 Input selection: 

 Measurement apparatuses :

Goal
- Decide if the physical devices simulate their speciÞcation

Constraints
- No other quantum trusted resources

- EfÞciency is needed

Tomography?
- On the circuit: exponential in n (same as testing all possible inputs)

- On the gates: requires trusted sources/measurement apparatuses

2

(otherwise does not compose)

T 1 , T 2 , . . . , T t ! U(2 n )

! x, w " { 0, 1} n : #Pw (C |! x $)#2 = |%w|T t T t ! 1 áááT 1 |x $|2

H

C = Gt Gt ! 1 áááG1 ∈ U(H )
x ! { 0, 1} n "# |! x $ ! H

(Pw )w ! { 0,1} n ! P (H ) :
!

w

Pw = IdH
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Self-testing approach

Self-testing constraints: tester has few resource
- Universality: test independent of the physical implementation

- Simplicity: no use of devices of same ÔcomplexityÕ than the tested device

- EfÞciency: has to be fast (so that testing is a cheap procedure)

- Robustness: can measure the quality of the devices

Known self-testers
- EPR states [Mayers-YaoÕ98]

 untrusted sources, measurements

 trusted locality and repeatability

 no robustness result

- 1-qubit gates and c-NOT [Dam-M-Mosca-SanthaÕ00]

 untrusted gates

 trusted computational basis  sources and measurements

 trusted locality and repeatability

 trusted dimension of physical qubits = 2

 no explicit robustness (except for speciÞc gates)
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(not only perfect / not perfect)



Our results

A theory of testing
- Simulation: probability of measures are correct

- Equivalence: allows composition and implies simulation

- Self-tester: few experiments whose simulation implies equivalence

Few assumptions
- trusted locality, trusted repeatability

- trusted classical control (does not induce entanglement)

Main results
- Design of gate tests whose simulation implies equivalence

- Test can be composed ! Test of circuits

- Robustness: approximate simulation implies approximate equivalence
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(close to a device that is equivalent to its speciÞcation)



Conspiracy for the Hadamard Test of [DMMS00]

The Test

Theorem [DMMS00]

- If

- If                 and Measure

- Then                   for some      (i.e. H where                      ) 

Conspiracy with an extra qubit
-   

-  

- Measure = randomly outputs one of the two bits

- G passes the test but G is not equivalent to the Hadamard gate

5

|0!
|0!

Measure
|1!

1
2

1
2

G
|0! Measure |0!G G

MeasureG G|1! |1!

= ( |0!"0|, |1!"1|)
G = H ! |1〉 ↔ ei ! |1〉!

|0! "# |00! , |1! "# |11!

|0! " |1!

G : |00! "# |01! , |11! "# |10! , |01! "# |00! , |10! "# |11!

dim (H ) = 2
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Mayers-Yao test

Theorem [MYÕ98]

- If some physical devices implement an experiment

Then they are equivalent to their speciÞcation

DeÞnition of equivalence (Þrst attempt)

- Inappropriate: we would like to say that                       is equivalent to       
if measurements only observe Þrst registers

6

|! + ! = |00 ! + |11 !"
2

that simulates
P
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P 0
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8

B

|! 〉AB

|! ! " A # B A ! B
P a

A ! P b
B

|! + ! " |! + !

|! + !

|! + ! " C2 # C2 C2 ⊗ C2
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Trusted locality and repeatability
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Extract the logical qubit of the physical space
- Tensor the physical space with its logical space

- Embedding

- Equivalence

- [MYÕ98]: The equivalence remains valid on

- Gate equivalence: replace measures by gates (see paper)

An adapted notion of equivalence (based on [MY98]) 7

øA ! øB

øA ! øB

S = Span (P a
A ! P b

B |! " : a, b)

A !" øA = A # C2 B !" øB = B # C2

A ! A ⊗|0〉 ⊆ Ā B ! B ⊗|0〉 ⊆ B̄

|! ! AB" |" + !

|ψ! " |00!
(P a

A ! P b
B ) ! Id 4

Id AB ! ( |a"#a| ! |b"#b|)

(U øA ! U øB)†U øA ! U øB

Fact: S has dimension 4

ÔextractionÕ of 
logical qubits

ÔencodingÕ of 
logical qubits
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Remark: projectors are all reals! 
!  the tomography is successful only if T has real entries 
(But GA has no restriction)
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Circuit self-tester

Recursive experiment

- Complexity: linear in the number of qubits and gates

- Theorem

 If all simulations are perfect

 Then the circuits on each side is equivalent to their speciÞcation

 (together with sources and measures)
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Input
- A circuit C (purposed to implement acting TtTt-1...T1 on n qubits)

- An n-bit string input  x

Output
- An n-bit string output w s.t.

Selecting an input by repetition

Input selection 10

Pr( w ) = |! w |T t T t −1 áááT 1 |x "|2

Repeat until  x1=y1, x2=y2, and x3=y3

! complexity in O(2n)

|! + !

T1

T2

T3

|! + !

|! + !

y1
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y3

y1

y2

y3



Selecting an input by modifying the circuit

- Test with input selection

 1. add NOT gates according to the observed bits s.t

 2. the modiÞed circuit on the other side and observe its output

 3. Test the modiÞed circuit

- Complexity: linear in the number of qubits and gates

Input selection 11

|! + !

T1

T2

T3

|! + !

|! + !

Trusted classical control

Nx1! y1

Nx2! y2

Nx3! y3

y1

y2

y3

N x i ! y i |y i ! = |x i !

x1

x2

x3



Generic and explicit robustness

Practical testing
- Observations:

 Statistics are only approximated with conÞdence ! by O(1/! ) iterations

 Devices cannot be perfect

- Goals:

 approx. equivalence !  approx. simulation (Tolerance)

 approx. simulation !  approx. equivalence (Robustness)

Theorem 
- Tolerance: If each device is O(! /(t+n))-close to a device which is equivalent to

 its speciÞcation, then the simulation is correct up to an additive error !

- Robustness: If the simulation is correct up to an additive error !  then

 - outcome distribution is at distance O((t+n)! 1/8) from the speciÞcation

 - (each device is O((t+n)! 1/8)-close to a device equivalent to its speciÞcation)

- Complexity: linear in # qubits, # gates and conÞdence parameter !  O((t+n)/! )

Remark
- The speciÞcation can only have gates with real entries
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Conclusion - Open problems

EfÞcient self-testing
- Devices:

 Source, measure, gate, circuit, circuit with input

- Assumptions: 

 trusted locality, trusted repeatability

 trusted classical control (does not induce entanglement)

- Complexity: linear in # qubits n, # gates t, and 1/!  !  O((t+n)/! )

- Tolerance - Robustness: O(! /(t+n)) - O((t+n)! 1/8)

Open problems
- Testing gates with complex entries

- Robustness: decrease the exponent of ! to 4 or 2

- EPR states: are they necessary?

- Improve the input selection 

 (and remove the trusted classical control assumption)

13

! : tester conÞdence parameter


